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SPACE CURVES ON SURFACES WITH ORDINARY
SINGULARITIES
MENGYUAN ZHANG
Abstract. We show that smooth curves in the same biliaison class on a hyper-
surface in P3 with ordinary singularities are linearly equivalent. We compute
the invariants h0(IC(d)), h
1(IC(d)) and h
1(OC (d)) of a curve C on such a
surface X in terms of the cohomologies of divisors on the normalization of X.
We then study general projections in P3 of curves lying on the rational normal
scroll S(a, b) ⊂ Pa+b+1. If we vary the curves in a linear system on S(a, b)
as well as the projections, we obtain a family of curves in P3. We compute
the dimension of the space of deformations of these curves in P3 as well as
the dimension of the family. We show that the difference is a linear function
in a and b which does not depend on the linear system. Finally, we classify
maximal rank curves on ruled cubic surfaces in P3. We prove that the general
projections of all but finitely many classes of projectively normal curves on
S(1, 2) ⊂ P4 fail to have maximal rank in P3. These give infinitely many
classes of counter-examples to a question of Hartshorne [17].
Introduction
The study of algebraic curves is a central topic of algebraic geometry. Since
every smooth projective curve embeds in P3, a lot of research has been devoted to
the study of space curves. An important way to produce examples of space curves
is to use high degree divisors on the curves to embed them in large dimensional pro-
jective spaces, and then project them isormophically into P3. Another important
perspective is to realize curves as divisors on an ambient surface. In this paper,
we combine both methods and study curves in P3 lying on general projections of a
smooth surface in higher dimensional projective space.
For the setup, let π : S → X be a dominant finite birational map from a
smooth projective surface S to a hypersurface X ⊂ P3. We assume π is not
an isomorphism and satisfies certain genericity assumptions, such as the general
projections of smooth surfaces into P3. Two curves C and D on X are linked if
the C and OX(m)−D are linearly equivalent as generalized divisors on X for some
positive m. Curves in the linear equivalence classes of OX(m) + C for any m are
said to be in the biliaison class of C on X . See [21] for background on liaison
theory and [16] for the interpretation of liaison theory via generalized divisors. We
summarize the main results of this paper below.
In Section 1, we study the liaison theory of curves on X . One main result is that
smooth curves on X in the same biliaison class are unique up to linear equivalence.
More precisely, if C is a smooth curve on X not supported on any components of
the singular locus, then no divisor in the class of OX(m) + C is smooth if m 6= 0.
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This is in clear contrast to the situation on smooth surfaces. Next, we give a cri-
terion of linkage of curves on X , and show that certain homological invariants of a
curve C on X can be computed in terms of cohomologies of divisors on S, provided
that C is preserved by the morphism π or is linked to such a curve. Examples of
homological invariants of C include the Hilbert function h0(IC(n)), the Rao func-
tion h1(IC(n)), the specialty function h1(IC(n)) and the dimension of the tangent
space h0(NC) at the corresponding point in the Hilbert scheme. In particular, this
means that if S is a surface where the cohomology of divisors can be computed
easily, such as rational normal scrolls, certain other rational surfaces, toric surfaces
etc., then we can determine a lot of information of the general projection of a curve
C on S into P3. If we vary the curves in a linear system on a surface in a high di-
mensional projective space and vary the projections, then we obtain an interesting
family of curves in P3.
In Section 2, we use the results in Section 1 to study general projections of curves
lying on a rational normal scroll S(a, b) ⊂ Pa+b+1. We use results of [11] and
classical theorems on general projections of surfaces to enumerate the singularities
of the image surface X ⊂ P3. We compute the dimension of the family of curves
in P3 arising from various projections of curves varying in a given linear system
on S(a, b). In particular, we show that the difference between the dimension of the
tangent space at the corresponding points in the Hilbert scheme and the dimension
of the family is a linear function in a and b, which does not depend on the linear
system chosen. This generalizes Gruson and Peskine’s example of families of curves
on a ruled cubic surface in P3, and gives interesting families of curves in P3 whose
dimensions of the tangent spaces in the Hilbert scheme can be arbitrarily large
compared to the dimension of the family. Last but not least, we determine all
maximal rank curves on a ruled cubic surface. In particular, we show that the
general projections of all but finitely many classes of projective normal curves on
the cubic scroll S(1, 2) ⊂ P4 fail to have maximal rank in P3. This provides
infinitely many classes of counter-examples to a question raised by Hartshorne.
We provide some historical context to the investigations in this article.
In 1882, the Berlin Academy of Sciences awarded the Steiner prize to M. Noether
and G. Halphen for their work on the classification of space curves. One problem in
the classification is to determine all the possible pairs of values of degree and genus
for a smooth connected projective curve in P3. Except for plane curves and curves
on a smooth quadric surface, which are completely understood, Halphen proved that
the degree d and genus g of all smooth space curves must satisfy g ≤ 1
3
d(d− 3)+1.
A century later, Gruson and Peskine [6] showed that all values of g satisfying this
inequality can be obtained. For 1√
3
d3/2−d+1 ≤ g ≤ 1
6
d(d−3)+1, curves with this
(d, g) can be found on a smooth cubic surface. For 0 ≤ g ≤ 1
8
(d− 1)2, curves with
this (d, g) can be found on a quartic surface with a double line. This completes the
classification of all possible degree and genus of smooth space curves.
Since the geometry of a smooth cubic surface is well studied, much is known
for curves lying on smooth cubic surfaces. Notably, Mumford [23] showed that
there is a generically nonreduced component in the Hilbert scheme H314,24 of degree
14 genus 24 curves in P3, whose general point corresponds to a curve lying on
a smooth cubic surface. Kleppe [13] carried out a systematic study of curves on
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smooth cubic surfaces and extended Mumford’s results in certain cases. On the
other hand, less is known for curves on singular surfaces, especially those with one-
dimensional singular locus. Since such surfaces are no longer normal, the theory
of Weil divisors, which is a cornerstone of the study of surfaces, breaks down. To
remedy this problem, Hartshorne [16] developed the theory of generalized divisors
on a Gorenstein scheme. Since hypersufaces are Gorenstein, this allows us to discuss
curves on any surface in P3, even if the surface is reducible or nonreduced. In the
same paper, Hartshorne carried out a detailed study of curves on the ruled cubic
surface in P3. Using these results and bounds on the dimension of the Hilbert
scheme in certain cases, Hartshorne [18] found the first example of an irreducible
curve in P3 that is not smoothable.
A recent advance in the study of algebraic curves is the proof of the longstanding
maximal rank conjecture by E. Larson [20]. A projective variety V ⊂ Pn is said to
have maximal rank if the maps of vector spaces H0(OPn(d)) → H0(OV (d)) have
maximal rank for all d ≥ 0. This is equivalent to the condition that H0(IV (d)) = 0
or H1(IV (d)) = 0 for all d ≥ 0. Severi in 1915 conjectured that a general embed-
ding of a general curve of genus g has maximal rank. This conjecture can be made
precise using Brill-Noether theory, developed by Griffiths-Harris [4], Gieseker [14],
Kleiman-Laksov [12] and others. As a consequence of the maximal rank conjecture,
the Hilbert functions of general curves under general embeddings are completely
determined. A related question was asked by Hartshorne in [17]: If C ⊂ PN is a
projectively normal curve, then does a sufficiently general projection of C in P3
have maximal rank? Counter-examples have been found by Gruson-Peskine [5]. On
the other hand, Ballico and Ellia [1] proved that the statement is true if 0 ≤ g ≤ 3
and the degree d of the curve is large compared to its genus g. Complementary to
this result, the counter-examples provided in this paper can have arbitrarily large
genus g, and the degree d is small compared to g. In view of the maximal rank
theorem, these are embeddings of curves that are “general” (in the sense of having
maximal rank), but whose general projections in P3 are “special”.
Acknowledgement. The author thanks Hartshorne for initiating his interest in
space curves and for suggesting to study curves on ruled cubic surfaces.
0. Background
We work over the field of complex numbers C. By a curve we mean a one-
dimensional projective scheme without point components, isolated or embedded.
By a point on a finite type C-scheme we mean a closed point. We denote the
arithmetic genus of a curve C by g(C).
In this section, we review the multiple-point formulas developed by Kleiman [7]
and Kleiman-Lipman-Ulrich [11]. These formulas enumerate the singularities of the
images of the projection. We also review the classical theorems on the singularities
of general projections of smooth surfaces into P3. Last but not least, we review
the theory of generalized divisors developed by Hartshorne [16] in order to discuss
divisors on singular surfaces.
0.1. Multiple point formulas.
We fix a finite morphism f : X → Y of finite type C-schemes.
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Definition 0.1 (Multiple-point and ramification loci). Let Nr denote the subset of
points y ∈ Y such that f−1(y) := X×Y k(y) contains a zero dimensional subscheme
of length r. By fiber continuity, the subset Nr is closed in Y . Let Mr := f
−1(Nr)
denote the closed subset in X. We call Mr and Nr the source and target r-fold
points of f respectively.
The central theme of the theory of multiple-point formulas is to find appropriate
scheme structures on Mr and Nr, and to determine the classes [Mr] and [Nr] in
the Chow ring (or other cohomology rings). The subject started in 1850 and still
inspires current research. For example, such a formula can give the degree and
genus of the curve of trisecant lines of a given space curve C, as well as the number
of quadrisecant lines. See [7, V] for a survey on the subject of multiple-point
formulas. See [8] for an approach using iterations, and [9] for an approach using
Hilbert schemes.
In codimension one, Kleiman-Lipman-Ulrich [11] considered the subscheme struc-
tures onNr given by the Fitting ideals Fitt
OY
r−1(f∗OX) and the corresponding preim-
age subscheme structures onMr. Under mild assumptions, the subschemesMr and
Nr are Cohen-Macaulay, and their classes [Mr] and [Nr] are compatible with those
coming from iteration [8]. We summarize here some of the results of [8] and [11].
Definition 0.2. With notations as above, let Ri be the subscheme of X defined
by the fitting ideal FittOXi−1(ΩX/Y ). By the conormal sequence f
∗Ω1Y/C → Ω
1
X/C →
ΩX/Y → 0, the scheme Ri is supported at points in X where the differential ∂f
drops rank by at least i. We call R := R1 the ramification locus.
Theorem 0.3 (Kleiman-Lipman-Ulrich).
(i) Suppose f is locally of flat dimension 1 and birational onto its image, then
N1 is equal to the scheme-theoretical image f(X) and f∗[M1] = [N1].
(ii) Suppose furthermore that Y satisfies (S2). The ideal sheaf IN2/Y is equal to
AnnOY (f∗OX/OY ) and the ideal sheaf IN2/N1 is equal to AnnON1 (f∗OX/ON1).
Each component of M2 has codimension 1 and maps onto a component of
N2. Each component of N2 has codimension 2. The fundamental cycles
of these two schemes are related by the equation f∗[M2] = 2[N2]. The
OY -modules ON2 and f∗OM2 are perfect of grade 2.
(iii) For r > 0, suppose furthermore that Y satisfies (Sr) and R2 = ∅. If each
component of Nr has codimension r, then ONr and f∗OMr are perfect OY -
modules of grade r. Each component of Mr has codimension r−1 and maps
onto a component of Nr, and the fundamental cycles of these two schemes
are related by the equation f∗[Mr] = r[Nr].
Suppose f satisfies all the assumptions above for all r > 0. If f is a local complete
intersection and X has no embedded components, then
[Mr+1] = f
∗f∗[Mr]− rc1(ν)[Mr].
Here ν = f∗TY −TX is the virtual normal bundle in the Grothendieck group K(X).
0.2. General linear projections of smooth surfaces into P3.
Every smooth projective surface S ⊂ PN for N > 5 can be projected isomorphi-
cally into P5, but not further down in general. The following is a summary of the
classical results on the singularities of general linear projections of S into P3.
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Theorem 0.4. Let S ⊂ P5 be a non-degenerate smooth projective surface that is
not the Veronese surface, then the following are true for a general linear projection
f : S → P3.
(1) The map f is birational onto its scheme-theoretical image X, which is an
integral hypersurface in P3.
(2) The second ramification locus R2 and the quadruple-point loci M4 and N4
are empty.
(3) The target double-point locus N2 is an integral curve and is exactly the
singular locus of X. The target triple-point locus N3 is a reduced set of
points and is exactly the singular locus of N2. Each point of N3 is an
ordinary triple point of N2 and of X.
(4) The source double-point locus M2 is an integral curve mapping generically
2-1 to N2. The source triple-point locus M3 is a reduced set of points and
is exactly the singular locus of M2. Each point of M3 is a simple node of
M2. Three distinct points of M3 map to each point of N3.
(5) The ramification locus R is a set of reduced points and consisting exactly of
the ramification points of the double cover M2 → N2. The images of points
in R are exactly the pinch points of X.
(6) Every point of N2 −N3 − f(R1) is an ordinary double point of X.
If S is the Veronese surface, then a general linear projection of S in P3 is called
a Steiner surface. In this case, the scheme N2 is the union of three reduced lines
L1, L2, L3 meeting at a point p. The scheme M2 is three reduced conics C1, C2, C3
meeting each other at one point, where the three intersection points all map to p.
The conic Ci maps 2-1 to Li with two ramification points. The six branch points
are the pinch points of X. In particular, all the results above are true except that
M2 and N2 are reducible.
Proof. See [3], [22] and [26] for expositions of these classical facts. 
The following definition is made for surfaces whose singularities resemble those
occurring on the general linear projections of smooth surfaces in P3.
Definition 0.5. An integral hypersurface X ⊂ P3 is said to have ordinary sin-
gularities if the singular locus of X is a curve C, such that if we put the reduced
structure on C then the following hold.
(1) Singular points of C are ordinary triple points (i.e. the origins of three
linear branches of C with three distinct non-coplanar tangent directions).
(2) A point on C is either a nodal point of X (i.e. the origins of two linear
branches of X with two distinct tangent planes) or a pinch point of X (i.e
analytically isomorphic to x2−yz = 0 at origin), and there are only finitely
many pinch points on X.
(3) Every triple point of C is an ordinary triple point of X (analytically iso-
morphic to xyz = 0 at origin).
An integral hypersurface X ⊂ P3 with ordinary singularities has a smooth nor-
malization. The normalization may not be embedded in a projective space of which
X is a linear projection, i.e. the pull back of the OX(1) may not be very ample.
Such an example is given by the quartic surface with a double line considered by
Gruson-Peskine [6] in order to determine all possible pairs of values of degree and
genus for smooth space curves.
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Since S is smooth and P3 is Cohen-Macaulay, Theorem 0.4 implies that a general
linear projection f : S → P3 satisfies all the assumptions in Theorem 0.3.
Corollary 0.6. Let notations be as above. Denote by h the class of f∗OP3(1) in
the Chow ring A(S), and denote by ci the Chern classes of TS. For two divisor
classes a, b ∈ A1(S), let a.b denote the intersection number. The following hold.
(a) The class of M2 in A
1(S) is (h.h− 4)h+ c1.
(b) The degree of the curve N2 is
1
2
((h.h)2 − 4h.h+ c1.h).
(c) There are short exact sequences
0→ OX → f∗OS → ωN2(4 − h.h)→ 0, (A)
0→ ON2 → f∗OM2 → ωN2(4− h.h)→ 0. (B)
(d) The arithmetic genus of N2 is equal to
1
3
(h.h)3 − 3(h.h)2 +
37
6
(h.h) +
1
2
(h.h)(h.c1)− 2(h.c1) +
1
12
(c1.c1 + c2.1) + 1.
(e) The class of M3 in A0(S) is equal to
((h.h)2 − 12h.h+ c1.h+ 44)h
2 + (2h.h− 24)c1h+ 4c
2
1 − 2c2.
The number of triple points of X is one third the degree of [M3].
(f) The class of R1 in A0(S) is equal to 6h
2 − 4hc1 + c
2
1 − c2. The number of
pinch points of X is the degree of R1.
Proof. (a) [M2] = f
∗f∗[M1]− c1(ν) = (h.h− 4)h+ c1.
(b) By push-pull formula, we have M2.h = 2degN2 = (h.h− 4)h.h+ c1.h.
(c) The OX -dual of the exact sequence
0→ IN2/X → OX → ON2 → 0
gives an exact sequence
0→ OX → H omOX (IN2/X ,OX)→ Ext
1
OX
(ON2 ,OX)→ 0.
Note that IN2/X = H omOX (f∗OS ,OX), and that f∗OS is a reflexive OX -module
since it satisfies (S2) and X is Gorenstein. It follows that we have isomorphisms
H omOX (IN2/X ,OX) = H omOX (H omOX (f∗OS ,OX),OX) = f∗OS .
Since N2 is Cohen-Macaulay, the third term in the exact sequence is isomorphic to
Ext1OX (ON2 ,OX)
∼= ωN2 ⊗ ω
−1
X
∼= ωN2(4 − h.h).
We obtain the first exact sequence. Since f∗IM2/S = IN2/X , and R
if∗ = 0 for
i > 0 because f is affine, the snake lemma gives the second exact sequence. These
two sequences are due to Roberts [25].
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(d) This is a computation derived from sequence (A).
g(N2) = 1− χ(ON2)
= 1 + χ(ωN2)
= 1 + χ((f∗OS)(h.h− 4))− χ(ON1(h.h− 4))
= 1 + χ(OS((h.h− 4)h))− χ(OP3 (h.h− 4)) + χ(OP3(−4))
= 1 +
1
2
(h.h− 4)h.((h.h− 4)h+ c1) +
1
12
(c1.c1 + c2.1)−
1
6
(h.h− 1)(h.h− 2)(h.h− 3)− 1
=
1
3
(h.h)3 − 3(h.h)2 +
37
6
(h.h) +
1
2
(h.h)(h.c1)− 2(h.c1) +
1
12
(c1.c1 + c2.1) + 1
In the second line, we used the fact that N2 is Cohen-Macaulay and Serre duality
holds. In the third line, we used the exact sequence (A). In the fourth line, we use
the projection formula to conclude that
hi((f∗OS)(h.h− 4)) = h
i(f∗(OS((h.h− 4)h))) = h
i(OS((h.h− 4)h)
since π is affine. Since N1 is a hypersurface of degree h.h, there is an exact sequence
0→ OP3(−4)→ OP3(h.h− 4)→ ON1(h.h− 4)→ 0.
On the next line, we applied Hirzebruch-Riemann-Roch on the smooth surface S to
the line bundle (h.h−4)h and used the fact that χ(OP3(d)) =
1
6
(d+3)(d+2)(d+1).
It is somewhat curious that this expression always ends up being an integer.
(e) The triple-point formula yields
[M3] = f
∗f∗[M2]− 2c1(ν)[M2] + 2c2(ν)
= ((h.h)2 − 12h.h+ c1.h+ 44)h
2 + (2h.h− 24)c1h+ 4c
2
1 − 2c2.
The number of triple points is the degree of [N3], which is one third the degree of
[M3] since f∗[M3] = 3[N3].
(f) Applying Porteous formula to the transpose of the map ∂f : f∗ΩP3/C → ΩS/C
yields the result. Since ramification points map bijectively to pinch points, the
number of pinch points is given by the degree of [R1]. 
0.3. Generalized divisors.
In this subsection, we fix π : S → X a finite birational morphism from a smooth
projective surface to an integral singular hypersurface in P3. Let h denote the class
of π∗OX(1) in A1(S). We briefly review the definitions and basic operations of
generalized divisors.
Definition 0.7. Generalized divisors on a Gorenstein scheme X are reflexive frac-
tional ideals of rank one. In particular, curves on Gorenstein surfaces are exactly
the effective generalized divisors. An almost Cartier divisor is a generalized divisor
that is locally principal away from a closed subset of codimension at least two. Let
Cart, ACart and GDiv denote the group of Cartier divisors, the group of almost
Cartier divisors and the set of generalized divisors. Let Pic, APic and GPic be the
corresponding isomorphism classes.
For example, any curve not supported on any components of the singular locus
of a Gorenstein surface in dimension zero is an almost Cartier divisor, but may not
be Cartier.
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There is a pullback map π∗ : ACart(X) → ACart(S) = Cart(S) defined by
sending a reflexive fractional ideal I of rank one to ((OS · I )−1)−1. Here J −1
is defined to be (OS :KS J ) for a fractional ideal J , and is isomorphic to the
dual J ∗. One can check that π∗ is a morphism of groups and descends to π∗ :
APic(X)→ Pic(S).
Theorem 0.8 (Hartshorne-Polini[19, Thm 4.1]).
(1) There is a morphism of groups ϕ : APic(X)→ CartM2/π
∗ CartN2.
(2) There is an exact sequence of groups
0→ APic(X)→ Pic(S)⊕ CartM2/π
∗ CartN2 → PicM2/π
∗ PicN2 → 0.
The first map of the short exact sequence is given by π∗⊕ϕ and the second
map is given by the difference of the two maps
Pic(S)→ PicM2/π
∗ PicN2 and CartM2/π
∗ CartN2 → PicM2/π
∗ PicN2.
The map ϕ : APic(X)→ CartM2/π
∗ CartN2 is important, so we review how it
is defined. Let D be an almost Cartier divisor, then [D] = [C1]− [C2] for two almost
Cartier divisors C1 and C2 not supported on any components of N2 by [16, Prop
2.11]. Then C˜1 and C˜2 are two Cartier divisors on S intersecting M2 properly, and
thus restricts to Cartier divisors α1 = C˜1 ∩M2|M2 and α2 = C˜2 ∩M2|M2 on M2.
We define ϕ[D] to be the image of α1−α2 in CartM2/N2. This map is well-defined
by [19, Prop 2.3].
1. Curves on hypersurfaces with ordinary surface singularities
In this section, we study the liaison theory of curves on X utilizing its normaliza-
tion S. We pay particular attention to the homological invariants of these curves
C, such as the specialty function h1(OC(n)), the Hilbert function h0(IC/P3(n))
and the Rao function h1(IC/P3(n)).
1.1. Linkage on a hypersurface with ordinary singularities.
Definition 1.1 (Linkage). Two curves C and D on X are linked if D and OX(m)−
C are linearly equivalent as generalized divisors on X for some positive integer m.
This generalizes the classical notion of linkage in the classical sense. See [16, §4]
for a treatment of linkage theory in terms of generalized divisors.
Proposition 1.2. The map π : S → X is the blowup of X with center N2.
Proof. Recall thatIN2/X is the conductor of the normalization and thus π∗IM2/S =
IN2/X . There is an isomorphism of schemes:
BlN2 X = Proj
∞⊕
i=0
I iN2/X
∼= Proj
∞⊕
i=0
I iM2/S = BlM2 S.
But BlM2 S = S since M2 is a divisor. 
If C is a curve on X not supported on any components of N2, then we reserve
the notation C˜ for the proper transform of C on S.
Proposition 1.3. If C is a curve on X not supported on any components of N2,
then π∗C and C˜ are the same Cartier divisor on S.
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Proof. Recall that any reflexive sheaf over S extends uniquely from an open set with
a codimension 2 complement [16, Prop 1.11]. Since π−1(C ∩ N2) is codimension
two in S and C˜ is equal to π∗C on the open set S − π−1(C ∩N2), it follows that
C˜ is equal to π∗C on the whole of S. 
Corollary 1.4. If D is an effective almost Cartier divisor on X, then π∗π∗[D] =
[D] as Chow classes. In particular (π∗[D]).h = degD.
Proof. Since D is almost Cartier, by [16, Prop 2.11] D is linearly equivalent to
C1 − C2, where C1, C2 are effective almost Cartier divisors not supported on any
components of N2. Then [D] = [C1] − [C2] as Chow classes. Now π∗π∗[Ci] =
π∗[C˜i] = [Ci] since C˜i → Ci is degree one on every component. It follows that
π∗π∗[D] = [D], and the push-pull formula yields the last claim. 
If N2 were almost Cartier on X , then π∗π∗[N2] = [N2] by the above proposition.
However, since OS ·IN2/X = IM2/S , we must have π
∗[N2] = [M2]. This contradicts
the fact that f∗[M2] = 2[N2]. Therefore the generalized divisor N2 is not almost
Cartier on X . Consequently neither is N2 + C for any almost Cartier divisor C.
Lemma 1.5. If D is a Cartier divisor on X not supported on any components of
N2, then π
∗(D ∩N2) = (π∗D) ∩M2 = D˜ ∩M2 as Cartier divisors of M2.
Proof. Suppose D is defined locally by (Ui, fi). Since D is not supported on N2, the
local sections fi restrict to non-zerodivisors inH
0(Ui∩N2,KN2). The corresponding
local sections (π−1(Ui), π#fi) of KS define a Cartier divisor π∗D not supported
on M2, and thus restrict to non-zerodivisors in H
0(π−1(Ui) ∩ M2,KM2). The
three Cartier divisors on M2 are equal because they are all defined by the data
(π−1(Ui) ∩M2, π#fi). 
Proposition 1.6. Let C and D be two curves on X not supported on any compo-
nents of N2, then C and D are linked by OX(m) if and only if
(1) [C˜] + [D˜] = mh, where h is the class of π∗OX(1);
(2) C˜ ∩M2 + D˜ ∩M2 is a Cartier divisor of M2 in π
∗ CartN2.
Proof. Suppose C and D are linked by OX(m), where neither are supported on
any component of N2. Since both are almost Cartier divisors and the pullback
of almost Cartier divisors is a group homomorphism, we must have (1). Lemma
1.5 implies we must have (2). Conversely, C and D satisfy (1) and (2). For any
codimension 2 point x ∈ X , the map ϕx : APic(OX,x) → CartM2,x/π∗ CartN2,x
is an isomorphism by [19, Thm 3.1]. Since (2) is satisfied, C + D has image 0 in
APic(OX,x) for every codimension 2 point x ∈ X and thus C +D is Cartier. Since
both C + D and OX(m) pull back to mh, we conclude that they are isomorphic
since the map π∗ : Pic(X)→ Pic(S) is injective over the complex numbers by [19,
Thm 4.5]. 
Theorem 1.7. Suppose π : S → X is induced by a general linear projection f : S →
P3 of a nondegenerate smooth surface S in P5. Suppose C is an integral curve on
S meeting M2 transversely avoiding R1. If m = 2C.M2/h.M2 is a positive integer
such that mH −C is effective and h0(OS(mH −C)) > C.M2, then there is a curve
D on S such that π(C) and π(D) are linked on X.
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Proof. Since C is a Cartier divisor on S, it meets M2 at a Cartier divisor. Since C
meets M2 transversely, the intersection C ∩M2 is a reduced set of points p1, . . . , pn
outside R1 and M3 where n = C.M2. Thus each point pi has precisely one cor-
responding reduced point qi in f
−1f(pi). It follows that pi + qi = π−1π(pi) is a
Cartier divisor on M2 in the image of π
∗ CartN2. By the proposition above, we
need to find an effective divisor D in the class of mH − C which meets M2 at
q1, . . . , qn. The choice of m guarantees that D.M2 = C.M2 = n. This is always
possible if h0(OS(mH − C)) > n considering the exact sequence
0→ H0(IQ(mH − C))→ H
0(OS(mH − C))→ H
0(OQ),
where Q is the subscheme of S consisting of the reduced points q1, . . . , qn. 
1.2. Preserved curves.
Definition 1.8 (Preserved curves). A curve C on X is preserved if a curve C′ on
S maps isomorphically to C.
Proposition 1.9. Let C be a preserved curve on X. If M2 is irreducible, then so
is N2, and C is not supported on N2.
Proof. The mapM2 → N2 is not injective on the topological spaces. If it were, then
π : S → X would be a homeomorphism of topological spaces. But both S andX are
reduced, which would imply that π is an isomorphism, contrary to our assumption.
If C contains N2 set-theoretically, then any curve C
′ on S mapping onto C must
contain M2 set-theoretically, and thus cannot be mapped isomorphically to C. 
Preserved curves may be supported on N2 whenM2 is not irreducible. If X is the
union of two planes meeting at a line L = N2 in P
3, and S is its normalization given
by the disjoint union of two planes, then L is preserved since it is the isomorphic
image of any one of the two lines on S.
Proposition 1.10. Let C be a curve on X not supported on any component of N2,
then C is preserved iff C˜ → C is an isomorphism iff C ∩ N2 is a Cartier divisor
on C. In particular, smooth curves on X not supported on any components of N2
are preserved.
Proof. Since C is not supported on any components of N2, the proper transform C˜
on S is isomorphic to the blowup of C at C ∩N2 by the universal property of the
blowup. If C is a preserved curve, then the curve on S that maps isomorphically to
C must be its proper transform C˜. It follows that C˜ is isomorphic to C iff C ∩N2
is a Cartier divisor on C. 
Theorem 1.11. For an almost Cartier curve C on X, we define the rational
number
m :=
2(π∗C).M2 − 2(g(C)− g(π∗C))
h.M2
.
Here the genus of a divisor is defined by the adjunction formula, which agrees with
the arithmetic genus when the divisor is effective.
(1) If C is linked to a preserved curve D by OX(n) for some n > 0, then n = m.
(2) Conversely, if m is a positive integer, then any nonzero section of IC/X(m)
defines a curve D that is either preserved or is supported on a component
of N2.
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Proof. Suppose C is linked to a preserved curve D by OX(n) for some n. Then the
arithmetic genus of C and D are related by
g(D)− g(C) =
1
2
(h2 + n− 4)(degD − degC) =
1
2
(h2 + n− 4)(h2n− 2 degC)
(1)
using liaison theory, see for example [21, III Prop.1.2]. Since π∗ : APic(X)→ Pic(S)
is a group homomorphism, we have D˜ = nh − π∗C in Pic(S). The adjunction
formula on S yields
2g(D˜)− 2 = D˜.(D˜ + c1) = (nh− π
∗C).(nh− π∗C + c1). (2)
Since D˜ → D is an isomorphism, we have g(D˜) = g(D). Combining (1) and (2),
we have an equality
(h2 + n− 4)(nh2 − 2 degC) + 2g(C)− 2 = (nh− π∗C).(nh− π∗C + c1).
Now π∗C.h = degC since C is almost Cartier by Proposition 1.4 and M2 = (h2 −
4)h− c1 by Theorem 0.3. After substitution, we arrive at the linear equation in n
nh.M2 = 2M2.π
∗C − 2(g(C)− g(π∗C)).
Since h.M2 = 2degN2 6= 0, we see that n must be equal to
n =
M2.π
∗C − (g(C)− g(π∗C))
h.M2
.
This proves the necessary direction of the theorem.
Conversely, suppose m is a positive integer and let D be defined by a nonzero
section of IC/X(m). If D is not supported on any components of N2, then we have
an exact sequence of sheaves on D
0→ OD → π∗OD˜ → K → 0,
where K is supported on the zero dimension scheme D ∩N2. By the choice of m,
we see that g(D) = g(D˜) by the same computation as above. Therefore χ(OD) =
χ(OD˜) and χ(K ) = 0. Since K is supported on a dimension zero subscheme it
follows that K = 0. We conclude that D˜ → D is an isomorphism. 
Note that we do not write C˜ since C could be supported on a component of N2
although it is almost Cartier, in which case the strict transform C˜ is undefined.
Corollary 1.12. For an almost Cartier divisor D on X, there is at most one
integer m where [D + OX(m)] contains a preserved curve.
Proof. Suppose [D1] = [D + OX(n1)] and [D2] = [D + OX(n2)] are two classes
that contain preserved curves D1 and D2. Then for l ≫ 0, the class [OX(l)−D1]
contains an almost Cartier curve C. Since C is linked to both D1 and D2, we must
have n1 = n2 by Theorem 1.11 (1). 
Corollary 1.13. Let X ⊂ P3 be an integral hypersurface with ordinary surface
singularities. If the singular locus of X is irreducible, then any two smooth curves
in the same biliaison class on X are linearly equivalent.
Proof. This is true for two smooth curves not supported on the singular locus N2
by the previous corollary. If two smooth curves are supported on N2, since N2 is
irreducible, the two curves must be the same. 
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The situation is very different on a smooth projective surface S with an ample
divisor h. If C is any divisor on S, then for any m≫ 0, the linear system |C +mh|
is basepoint-free and contains a smooth curve by Bertini’s theorem.
1.3. Homological invariants.
In this subsection, we show that certain homological invariants of preserved
curves and curves linked to preserved curves on the singular surface X can be
computed on the normalization S.
Lemma 1.14. Let C be a curve with an effective line bundle F . If C is reduced,
then h0(F−1) = 0.
Proof. Let p : C˜ → C be the normalization, then C˜ is a disjoint union of non-
singular curves. Since p∗F is effective on each component of C˜, it follows that
h0(C˜, (p∗F )−1) = 0. There is an injection of OC →֒ p∗OC˜ and therefore
H0(C,F−1) →֒ H0(C, (p∗OC˜)⊗F
−1) ∼= H0(C˜, (p∗F )−1) = 0. 
The assumption that C is of pure dimension 1 and reduced cannot be dropped,
as the following two counter-examples demonstrate. (1) A line with an embedded
point has sections in infinitely many negative degrees. (2) Let E be the exceptional
curve of the blowup of P2 at origin, then any curve D in |3E| is non-reduced. If H
is the very ample line bundle of conics through the origin, then h0(OD(−H)) 6= 0
by a simple computation.
Corollary 1.15. Let S be a smooth surface with a very ample line bundle L whose
class in A1(S) is h. If h0(L ) = 4 or h0(L ) ≥ 6, then h1(L n) = h2(L n) = 0 for
n > h.h− 4.
Proof. If h0(L ) = 4, then S can be embedded as a hypersurface in P3 and
h1(L n) = 0 for all n. If h0(L ) ≥ 6, then a general choice of four sections gives
map f : S → P3 that satisfies the Corollary 0.6. Let X be the image hypersurface
and consider the short exact sequence
0→ OX → f∗OS → ωN2(4− h.h)→ 0.
The long exact sequence of cohomologies yields
0→ H1((f∗OS)⊗ OX(n))→ H
1(ωN2(4− h.h+ n)).
Since f∗(OS ⊗ f∗OX(n)) = (f∗OS) ⊗ OX(n) and f is affine, it follows that the
left term is just H1(L n). Since N2 is Cohen-Macaulay, the right term is dual to
H0(ON2(−n + h.h − 4)), which vanishes if N2 is reduced and n > h.h − 4 by the
previous lemma. Since X is a hypersurface of degree h.h, we have h2(OX(n)) =
h0(OX(−n + h.h − 4)), which vanishes if n > h.h − 4. It follows from the long
exact sequence of cohomologies that h2(L n) = for n > h.h − 4 since ωN2 has
one-dimesional support. 
Proposition 1.16. If D is a preserved curve on X and h1(OS(nh)) = 0 for some
n, then h1(OD(n)) = h2(OS(nh− D˜))− h2(OS(nh)).
Proof. We have an exact sequence
H1(OS(nh))→ H
1(OD˜(nh))→ H
2(ID˜/S(nh))→ H
2(OS(nh))→ 0.
Note that H1(OD˜(nh)) = H
1(OD(n)) since D is preserved. 
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Proposition 1.17. If C is a curve linked to a preserved curve D on X by OX(m)
and h1(OS((h.h+m− n− 4)h) = 0, then
h0(IC/P3(n)) = h
0(IT (n)) + h
0(OS(nh− π
∗C −M2))− h
0(OS((n−m)h−M2)).
Here T is the (h.h,m)-complete intersection in P3 linking C and D, where
h0(IT (n)) =
(
n−m+ 3
3
)
+
(
n− h.h+ 3
3
)
−
(
n−m− h.h+ 3
3
)
.
Proof. By liaison theory [21, Prop 1.2], we have
h0(IC/P3(n)) = h
0(IT (n)) + h
1(OD(h
2 +m− n− 4)).
From the Koszul complex
0→ OP3(−m− h
2)→ OP3(−m)⊕ OP3(−h
2)→ IT → 0
it follows that
h0(IT (n)) =
(
n−m+ 3
3
)
+
(
n− h2 + 3
3
)
−
(
n−m− h2 + 3
3
)
.
By Proposition 1.16, if h1(OS((h2 +m− n− 4)h)) = 0, then
h1(OD(h
2+m−n−4)) = h2(OS((h
2+m−n−4)h−D˜)−h2(OS((h
2+m−n−4)h)
= h0(OS(D˜ − (h
2 +m− n− 4)h− c1)) − h
0(OS(−(h
2 +m− n− 4)h− c1))
= h0(OS(nh− π
∗C −M2))− h
0(OS((n−m)h−M2)). 
Proposition 1.18. Let C be a preserved curve on X that is linked to a preserved
curve D by OX(m). If h1(OS(lh)) = 0 for all l, then
h1(IC/P3(n)) =h
0(OS(nh))− h
0(OS(nh− C˜)) + h
1(OS(nh− C˜))− h
0(OT (n))
+ h0(OS(nh− C˜ −M2))− h
0(OS((n−m)h−M2))
Here T is a (m,h.h)-complete intersection curve in P3 as before.
Proof. Since h1(OS(lh)) = 0 for all l by assumption, the formulas for h0(IC/P3(n))
and h2(IC/P3(n)) = h
1(OC(n)) are given by the previous two propositions. Thus
we have
h1(IC/P3(n)) = h
0(OC(n))− h
0(OP3(n)) + h
0(IC/P3(n))
= h0(OC(n))− h
0(OP3(n)) + h
0(IT (n)) + h
1(OD(h.h+m− n− 4))
= h0(OC(n))− h
0(OT (n)) + h
1(OD(h.h+m− n− 4)).
Since h1(OS(l)) = 0 for all l, we have
h0(OC(n)) = h
0(OC(nh)) = h
0(OS(nh))− h
0(IC˜/S(nh)) + h
1(IC˜/S(nh)).
We also rewrite h1(OD(h.h+m−n−4)) as in the proof of the previous proposition.

The following useful proposition by Gruson-Peskine allows us to compute the
dimension of the sections of the normal bundle of a smooth curve on the singular
surface X . By deformation theory, this is equal to the dimension of the tangent
space of the Hilbert scheme at the closed point corresponding to the curve.
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Proposition 1.19 (Gruson-Peskine). Let C be a smooth connected curve on X
not supported on N2, whose proper transform C˜ avoids R1. Then there is an exact
sequence of bundles
0→ NC˜/S → NC/P3 → OS(4h− c1)⊗ OC˜ → 0.
Proof. Technically we should pullback all sheaves to C˜ or pushforward all sheaves
to C, but we omit this from the notations since π : C˜ → C is an isomorphism. The
map of sheaves
TS ⊗ OC˜ → TX ⊗ OC
is injective and locally split since the map S → X is an immersion away from R1.
Thus the dual morphism
ΩX ⊗ OC → ΩS ⊗ OC˜
is surjective. On the other hand, we have a surjection of sheaves
ΩP3 ⊗ OC → ΩX ⊗ OC
and thus the composition
ΩP3 ⊗ OC → ΩS ⊗ OC˜
is surjective. Applying the snake lemma to the diagram of exact sequences
0 // IC/P3 ⊗ OC //

ΩP3 ⊗ OC //

ΩC // 0
0 // IC˜/S ⊗ OC˜
// ΩS ⊗ OC˜
// ΩC˜
// 0,
we conclude that IC/P3 ⊗OC → IC˜/S ⊗OC˜ is a surjection of bundles. Dualizing,
we obtain a locally split exact sequence of bundles
0→ NC˜/S → NC/P3 → N1 → 0.
Taking top wedge power, we see that
∧2NC/P3 = NC/S ⊗N1.
Taking third wedge power of the conormal sequence
0→ N ∗C/P3 → ΩP3 ⊗ OC → ΩC → 0,
it follows that
OC(−4) = ωP3 ⊗ OC = ∧
3(ΩP3 ⊗ OC) = ∧
2N ∗C/P3 ⊗ ωC .
Combining, we arrive at
N1 = (∧
2NC)⊗N
∗
C/S = IC/S⊗ωC(4) = IC/S⊗OS(C)⊗ωS⊗OC(4) = OS(4h−c1)⊗OC .

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2. Projections of curves on scrolls
In this section, we use results of Section 1 to study rational normal scrolls
S(a, b) ⊂ Pa+b+1 and their general linear projections f : S(a, b) → P3. We re-
fer the readers to [2] and [15, §V.2] for basic facts of rational normal scrolls and
ruled surfaces.
Let a ≤ b be two positive integers and let E be the rank two bundle OP1(a) ⊕
OP1(b) on P
1. Then p : Proj(SymE )→ P1 is a ruled surface over P1. The surface
S := Proj(SymE ) has a tautological bundle OS(1) which is very ample and embeds
S into Pa+b+1 with image S(a, b). The surface S is isomorphic to the Hirzebruch
surface He where e := b − a. Let η denote the unique (−e)-curve on S and let f
denote a fiber of p : S → P1, then the Chow ring of S is given by
A(S) = A(P1)[η]/(η2 − c1(E )η + c2(E )) = Z[f, η]/(η
2 + (b− a)fη, f2).
In the following, we express the divisors in the coordinates given by the basis {η, f}
whenever convenient and use the shorthand OS(c, d) for OS(cη+df). In particular,
the class of OS(1) is h = η + bf . From the exact sequences
0→ TS/P1 → TS → TP1 → 0
0→ OS → (p
∗E ∗)(1)→ TS/P1 → 0,
we conclude that
c(TS) = p
∗c(TP1)c((p
∗E ∗)(1))
= (1 + 2f)(1 + (b− a)f + 2η + (b− a)fη + η2)
= (1 + 2f)(1 + (b− a)f + 2η)
= 1 + (b− a+ 2)f + 2η + 4ηf.
Therefore c1 = 2η + (b− a+ 2)f and c2 = 4ηf .
Proposition 2.1. Suppose (a, b) 6= (1, 1). Let f : S → P3 be a general linear
projection of S(a, b) ⊂ Pa+b+1 with image X. Then
degN2 =
1
2
(b+ a− 2)(b+ a− 1),
g(N2) =
1
6
(b+ a− 3)(b+ a− 4)(2b+ 2a− 1),
degN3 =
1
3
(b+ a− 2)(b+ a− 3)(b+ a− 4),
degR1 = 2b+ 2a− 4.
The curve N2 is integral of degree degN2 and genus g(N2), and the number of
singular points of N2 is equal to degN3. The curve M2 is reduced and connected
and maps 2-1 to N2, ramified over 2e+ 4n pinch points of X.
Proof. This follows from a straightforward substitution of the above calculations
into the formulas of Corollary 0.6 . 
Proposition 2.2. Let S = S(a, b) ⊂ Pa+b+1, then H1(IS(l)) = H2(IS(l)) =
H1(OS(l)) = 0 for all l ∈ Z.
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Proof. The ideal I of S(a, b) in Pa+b+1 is defined by the maximal minors of the
matrix (
x0 . . . xa−1 y0 . . . yb−1
x1 . . . xa y1 . . . yb
)
in the ring R := C[x0, . . . , xa, y1, . . . , yb]. Since the matrix is 1-generic, the R-
module R/I admits a minimal free R-resolution given by the Eagon-Northcott
complex which is of length a+b−1. In particular, it follows from local duality that
Him(R/I) = Ext
a+b+2−i
R (R/I,R(−a− b− 2))
∨ = 0, i = 1, 2.
Here Him(−) denotes the i-th local cohomology supported on the irrelevant ideal
m of R. The local-to-sheaf exact sequence gives H1m(R/I)
∼=
⊕
l∈ZH
1(IS(n)) and
H2m(R/I)
∼=
⊕
l∈ZH
1(OS(l)). We conclude that H
1(IS(l)) = H
1(OS(l)) = 0 for
all integers l. It also follows that H2(IS(l)) = 0 for all l by the short exact sequence
0→ IS → OPa+b+1 → OS → 0. 
Lemma 2.3. A nontrivial divisor D = cη+df on S(a, b) is effective iff c ≥ 0, d ≥ 0.
An effective divisor D has natural cohomology, i.e. h1(OS(D)) = h2(OS(D)) = 0,
if and only if d ≥ c(b − a)− 1.
Proof. Suppose D is effective and c < 0, then p(D) is a finite set of points on P1
since D.f < 0. It follows that D is concentrated on finitely many fibers, and is thus
linearly equivalent to df for some d > 0. This is a contradiction to c < 0. It follows
that effective divisors must have c ≥ 0.
Suppose D = cη + df is divisor where c ≥ 0. Since D.f ≥ 0, Grauert’s theorem
implies that Rip∗(L (D)) = 0 for all i > 0. Theorefore the Lerray spectral sequence
degenerates and Hi(L (D)) ∼= Hi(π∗L (D)). By projection formula, we have
hi(π∗L (D)) = h
i(π∗(OS(c)⊗ π
∗OP1(d)))
= hi((Symc E )⊗ OP1(d))
=
c∑
i=0
hi(OP1(−i(b− a) + d)).
It follows that D is effective iff d ≥ 0. It also follows that an effective divisor D has
natural cohomology iff d− c(b− a) > −2. 
Theorem 2.4. Let C be a smooth connected curve on X not supported on N2 and
whose proper transform C˜ avoids R1. Suppose C˜ is of class cη+df , then h
0(N˜C/P3)
and h1(N˜C/P3) can be computed explicitly in terms of a, b, c, d. In particular, if
c ≤ 3 or d < 4b, then h1(NC/P3) = 0 and C corresponds to a smooth point in the
Hilbert scheme of curves in P3. If c ≥ 4 and d ≥ c(b− a)− 1 + 4a, then
h0(NC/P3) =
1
2
(ac2 − bc2 + ac− bc) + cd+ 6a+ 6b+ c+ d− 3
= dim |C|+ 6a+ 6b− 3− 4 degC.
h1(NC/P3) =
1
2
(ac2 − bc2 − 7ac− bc) + cd+ 6a+ 6b+ c− 3d− 3
= dim |C|+ 6a+ 6b− 3.
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Proof. Since C˜ is a smooth curve, we have d ≥ c(b − a) by [15, Cor V.2.18].
Lemma 2.3 implies that OS(C˜) has natural cohomology. The short exact se-
quence 0 → OS → OS(C˜) → OC˜ ⊗ OS(C˜) → 0 implies that H
1(NC˜/S) =
H1(OC˜ ⊗ OS(C˜)) = 0 since H
1(OS) = H2(OS) = 0. The short exact sequence
from Theorem 2.4 0→ NC˜/S → NC/P3 → OS(4h− c1)⊗OC˜ → 0 thus implies that
H1(NC/P3) = H
1(OS(4h− c1) ⊗ OC˜) since the sheaves are supported on a curve.
Finally, consider the short exact sequence
0→ IC˜/S(4h− c1)→ OS(4h− c1)→ OS(4h− c1)⊗ OC˜ → 0.
The divisor 4h − c1 has coordinates (2, 3b + a − 2) in the basis {η, f}, which is
effective with natural cohomology by Lemma 2.3. We conclude that
H1(NC/P3) ∼= H
1(OS(4h− c1)⊗ OC˜)
∼= H2(IC˜/S(4h− c1))
∼= H0(OS(C − 4h))
∨.
If either c < 4 or d < 4b, then h0(OS(C − 4h)) = 0. If c ≥ 4, then
h0(OS(C − 4h)) = h
0(OS(c− 4, d− 4b)) =
c−4∑
i=0
h0(OP1(−i(b− a) + d− 4b)).
Since χ(NC/P3) = 4 degC, it follows that
h0(NC/P3) = 4(d+ ac) +
c−4∑
i=0
h0(OP1(−i(b− a) + d− 4b)).
If d ≥ c(b− a)− 1+ 4a, then OS(c− 4, d− 4b) is effective with natural cohomology
by Lemma 2.3. We apply Riemann-Roch formula on S to obtain
h1(NC/P3) = χ(OS(C − 4h)) =
1
2
(ac2 − bc2− 7ac− bc) + cd+6a+6b+ c− 3d− 3.
Recall that the intersection formula states that
(−C).4h = χ(OS)− χ(OS(C))− χ(−4h) + χ(OS(C − 4h)).
It follows that h1(NC/P3) = dim |C| + 6a + 6b − 3 − 4 degC and h
0(NC/P3) =
dim |C|+ 6a+ 6b− 3. 
The dimension of the family of surfaces X obtained from linear projections of
S(a, b) ⊂ Pa+b+1 into P3 is given by
dimGr(a+ b− 3, a+ b+ 1) + dimPGL(3,C)− dimAut(S(a, b)).
Recall that there is an exact sequence of groups for the Hirzebruch surface He
0→ H0(OP1 (e))⋊C
∗ → Aut(He)→ PGL(2,C)→ 0.
In particular, we deduce that dimAut(S(a, b)) = b− a+ 5. It follows that there is
a (5a + 3b + 2)-dimension family of integral surfaces of degree a + b in P3 arising
as general linear projections of the scroll S(a, b) ⊂ Pa+b+1. If we vary the curve C˜
in the linear system as well, we end up with a family of curves in P3 of dimension
dim |C| + 5a + 3b + 2. Suppose linear system C˜ = cη + df satisfies c ≥ 4 and
d ≥ c(b − a) − 1 + 4a, then the difference between h0(NC/P3) and the dimension
of the family of the curves is a + 3b − 5, which does not depend on the class of
C˜. There are two possibilities in this situation. Either the family of curves are not
dense in the component of the Hilbert scheme they belong to, or there is a highly
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nonreduced component of the Hilbert scheme whose general member is given by
such a curve. We are not able to determine which is the case.
2.1. Maximal rank curves on the ruled cubic surface.
In this subsection we continue the study of curves on a ruled cubic surface ini-
tiated by Hartshorne in [16].
Consider the general projection of S(1, 2) ⊂ P4 into P3. By Proposition 2.1,
the image surface X is a ruled cubic surface with singularity a double line N2 that
has 2 pinch points on it. The map π : S → X is an isomorphism away from the
conic M2 and the line N2, and maps M2 generically 2-1 to N2 branched over the
two pinch points of X .
Since all integral ruled cubic surfaces that are not cones all differ by a coordinate
change in P3 [6], we can afford to work explicitly. In doing so, we verify the formulas
and see the geometry more clearly. Let S be the blowup of P2 = ProjC[s, t, u] at the
point O = V (s, t), embedded by the complete linear system h of proper transforms
of conics passing through O. Then S is parametrized as [tu : t2 : st : su : s2], and
its defining equations in P4 = ProjC[x, y, z, w, v] are given by the 2× 2-minors of
the matrix
M =
[
x y z
w z v
]
.
Let π : S → ProjC[x, y, w, v] be the projection of S away from the point V (x, y, w, v).
The image X is parametrized by [tu : t2 : su : s2] and has the defining equation
x2v−y2w. The double locusM2 on S is defined by V (x,w)∩S = [0 : t
2 : st : 0 : t2]
which maps 2-1 to the line N2 = V (x,w) = [0 : t
2 : 0 : s2]. Since X is the image
of the ruled surface S, X itself is spanned by lines and thus the name ruled cubic
surface. Let σ :M2 → N2 be the involution defined by
[0 : t2 : st : 0 : t2] 7→ [0 : t2 : −st : 0 : t2].
The locus R1 consists of the two ramification points of M2 → N2, which are
V (x, z, w, v) and V (x, y, z, w).
By [19, Thm 4.1, 4.5], there is an exact sequence of groups
0→ APic(X)→ Pic(S)⊕ CartM2/π
∗ CartN2 → PicM2/π
∗ PicN2︸ ︷︷ ︸
Z/2Z
→ 0.
In this way, we describe an almost Cartier divisor on X by a triple (c, d, α), where
(c, d) is the class cη+df in Pic(S) as before and α is a Cartier divisor ofM2, subject
to the constraint that d ≡ degαmod 2.
Definition 2.5. For any divisor α ∈ CartM2, we set α ∈ CartM2 to be the
effective divisor of least degree such that α ≡ αmodπ∗ CartN2. More explicitly, if
α =
∑
i Pi −
∑
j Qj where Pi 6= Qj, then we remove all the pairs P + σ(P ) from∑
i Pi +
∑
j σ(Qj) to obtain α.
Proposition 2.6 (Hartshorne [16, Prop 6.5]). A class (c, d, α) ∈ APic(X) is effec-
tive if and only if one of the following is true:
(1) c > 0, d > 0, or
(2) d = α = 0, c > 0, or
(3) c = 0, d > 0 and degα ≤ d.
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Note that the basis {f + η,−η} instead of {η, f} was used for Pic(S) in [16].
With the effectiveness criterion in hand, it is relatively easy to classify classes
that contain a preserved curve on X .
Proposition 2.7. A class (c, d, α) contains a preserved curve if and only if one of
the following is true:
(1) c > 0, d > 0 and d = degα, or
(2) d = α = 0, c > 0, or
(3) c = 0, d > 0 and d = degα.
Proof. For (3), take c disjoint points on M2 that contain no pairs of involution
points, then the sum of the c-fibers through them will be preserved. For (2) take a
multiple structure on the (−1)-curve, which does not intersect M2 and is therefore
preserved. For (1) take the union of curves in (2) and (3).
Now we argue that (1)-(3) is necessary. Suppose D is a preserved curve, then the
linear system corresponding to the projection separates points and tangent vectors
on D˜. Thus D˜ cannot meet pairs of involution points Pi 6= σ(Pi). If D˜ meets a point
Q in the branch locus Ri, then it must meet it with multiplicity one. Otherwise
the tangent space of D˜ will contain the tangent line of Γ at Q, which is the line
OQ where O is the point of projection. In this case the linear system H would
fail to separate tangent vectors of D˜ at Q. Taking α = D˜ ∩M2, it is clear that
degα = degα = d. 
Theorem 2.8. Every smooth connected curve C on X is linked to a preserved
curve D except for the line N2 and the (−1)-curve η.
Proof. Every link of N2 is not almost Cartier, and thus must be supported on
N2. In particular, no such curve can be preserved. Let C be a smooth irreducible
curve of the class (c, d, α). Then either (1) c > 0, d > 0, degα = d, or (2) C is
the exceptional curve where d = α = 0 and c = 1, or (3) C is a ruling where
c = 0, d > 0 and degα = d. The linked divisor D = dH − C = (d − c, d, σ(α))
contains a preserved curve for case (1) and (3) by the previous proposition. 
More explicitly, let C 6= N2 be a smooth connected curve in the class (c, d, α).
If C is not E then d > 0. Its proper transform C˜ meets M2 at d points α on
M2 containing no pairs of involution points. The preserved curve D can be con-
structed using the sum of d-fibers passing through σ(α) and a (d − c)-multiple of
the exceptional curve η which does not meet M2.
Definition 2.9. A closed subscheme V of Pn is said to have maximal rank if for
every d ≥ 0 the map
H0(OPn(d))→ H
0(OV (d))
has maximal rank, i.e. either injective or surjective.
Note that having maximal rank is the same as having either H0(IV (d)) = 0 or
H1(IV (d)) = 0 for every d ≥ 0. Examples of maximal rank varieties include ACM
(arithmetic Cohen-Macaulay) curves C, which are characterized by the vanishing
of H1(IC(d)) for all d.
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Proposition 2.10. Let C be a curve of class (c, d) on S(1, 2) ⊂ P4, then
h1(IC/P4(c− 1)) = 0,
h1(IC/P4(n)) =
n−c∑
i=0
h0(OP1(d+ i− 2n− 2)), ∀n ≥ c, (A)
h1(IC/P4(n)) =
c−n−2∑
i=0
h0(OP1(2n+ i + 1− d)), ∀n ≤ c− 2. (B)
Proof. First we note that there is a short exact sequence
0→ IS/P4 → IC/P4 → j∗IC/S → 0
where j : S →֒ P4 is the inclusion. Since H1(IS/P4(n)) = H
2(IS/P4(n)) = 0 for
all n by Proposition 2.2, we conclude that H1(IC/P4(n) ∼= H
1(IC/S(n)) for all n.
Neither (c− 1)h−C nor C − (c− 1)h− c1 are effective since their first coordinates
are −1. It follows that
h1(IC/S(c− 1)) = h
1(OS((c− 1)h− C)
= −χ(OS((c− 1)h− C))
=
1
2
((c− 1)h− C).((c− 1)h− C + c1) + 1 = 0.
If n ≥ c, then the first coordinate of nh− C is nonnegative and thus h1(IC(n)) is
given by
h1(OS(n− c, 2n− d)) =
n−c∑
i=0
h1(OP1(2n− d− i)) =
n−c∑
i=0
h0(OP1(d+ i− 2n− 2))
using the same computations in Lemma 2.3. If n ≤ c− 2, then the first coordinate
of C − nh− c1 is nonnegative and thus
h1(IC/S(n)) = h
1(OS(nh− C))
= h1(OS(C − nh− c1))
= h1(OS(c− n− 2, d− 2n− 3))
=
c−n−2∑
i=0
h1(OP1(d− 2n− 3− i))
=
c−n−2∑
i=0
h0(OP1(2n+ i+ 1− d)). 
Corollary 2.11. Let C be a curve of class (c, d) on S(1, 2).
(1) If d ≥ 2c+ 2, then h1(IC/P4(n)) is nonzero and strictly decreasing on the
interval [c, d− c− 2] with value (A) and vanishes elsewhere.
(2) If b < 2c+ 2, then h1(IC/P4(n)) is nonzero and strictly increasing on the
interval [d− c+ 1, c− 2] with value (B) and vanishes elsewhere.
In particular, C is ACM iff 2c− 2 ≤ d ≤ 2c+ 1.
Proposition 2.12. Apart from N2, which is obviously of maximal rank, a smooth
curve C of the class (c, d, α) on X has maximal rank iff (c, d) is one of the following:
{(1, 0), (1, 1), (1, 2), (2, 2), (2, 3), (2, 4), (3, 3), (3, 4)}.
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Among them only (1, 0), (1, 1) and (1, 2) are ACM.
Proof. Let C be a smooth curve on X that is not N2. Suppose c > 3. Since C˜
is smooth, it follows that d ≥ c by [15, Cor V.2.18]. The expressions of Proposi-
tion 1.18 simplies to
h1(IC/P3(3)) =h
0(OS(3h))−
✘
✘
✘
✘
✘
✘
✘✘✿
0
h0(OS(3h− C˜)) + h
1(OS(3h− C˜))− h
0(OT (3))
+
✘
✘
✘
✘
✘
✘
✘
✘
✘
✘✿
0
h0(OS(3h− C˜ −M2))−
✘
✘
✘
✘
✘
✘
✘
✘
✘
✘
✘✿
0
h0(OS((3− d)h−M2))
=22 + h1(OS(3 − c, 6− d)) − 19 ≥ 3.
Since C lies on a cubic surface, it follows that if C is maximal rank then we must
have c ≤ 3. On the other hand,
h1(IC/P3(3)) = h
0(OC(3))− h
0(OP3(3)) + h
0(IC/P3(3))
≥ χ(OC(3))− 20 + h
0(IC/P3(3)).
It remains to estimate H0(OC(3)). By Riemann-Roch, we have
h0(OC(3)) ≥ χ(OC(3)) = 3C˜.h+ 1− g(C) =
1
2
c2 +
7
2
c+ (4− c)d.
This is an increasing function in d, thus if d ≥ 5 then
h0(OC(3)) ≥
1
2
c2 −
3
2
c+ 20.
Since c ≤ 3, it follows that h0(OC(3)) ≥ 20 unless c = 1, d = 5. But for
(c, d) = (1, 5), we see that 3h − C is effective and thus C lies on another cu-
bic surface, i.e. h0(IC/P3(3)) ≥ 2. This shows that if c ≤ 3 and d ≥ 5 then
h1(IC(3)) > 0, therefore a maximal rank curve C must satisfy c ≤ 3 and d ≤ 4.
We compute h0(IC/P3(n)) and h
1(IC/P3(n)) by hand using Proposition 1.17 and
Proposition 1.18 for these finitely many cases and verify the claim. We omit the
computations. 
It follows that for c > 3 and 2c − 2 ≤ d ≤ 2c+ 1, the general projections C of
smooth ACM curves in the linear system |cη + df | on S(1, 2) do not have maximal
rank in P3. These curves have degree c+d and genus − 1
2
c2+ cd− 1
2
c−d+1. Since
d ∼ 2c, we see that g(C) ∼ 1
6
(degC)2 for c≫ 0.
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